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Abstract. In ﬂuviokarst landscapes ﬂow may be partitioned
into its surface and subsurface components as well as into
diffuse and concentrated ﬂow. The competition among these
is hypothesized to be responsible for the divergence of the
landscape in a ﬂuviokarst region of central Kentucky into
depression-rich, unchannelled karst-rich and channel-poor
(KRCP) and strongly ﬂuvially dissected channel-rich karst-
poor (CRKP) zones. The interrelationships between diffuse
surface runoff, channelized surface ﬂow, diffuse recharge,
and point recharge are dynamically unstable and chaotic, im-
plyingthatsmallchangesinthepartitioningarelikelytohave
disproportionately large and long-lived impacts, reﬂected in
geomorphology. In the Kentucky River gorge, rapid Qua-
ternary incision has resulted in local slope changes which
should induce instability in the ﬂow partitioning system. A
GIS-based landscape classiﬁcation scheme showed that there
is a relationship between slope gradients and the degree of
karstiﬁcation or ﬂuvial dissection. Geomorphic interpreta-
tion of landforms in the river gorge area indicates that CRKP
and KRCP zones are growing at the expense of other land-
scape classes. This results in an increase in Kolmogorov en-
tropy, a characteristic of a dynamically, unstable, chaotic sys-
tem. Results support the hypothesis that divergent landscape
evolution is linked to the complex nonlinear dynamics of low
partitioning.
1 Introduction
Studies of nonlinear dynamics in hydrology are typically
based on the analysis of time series of phenomena such as
stream discharge, precipitation, or water levels (for reviews
and examples see Sivakumar, 2000; 2004; Zhou et al., 2002;
Lall et al., 1996; Islam and Sivakumar, 2002; Porporato
and Ridolﬁ, 1997; Baker and Brunsdon, 2003). Hydrologic
changes and hydrologic system evolution may occur over
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very long temporal scales, however. Palaeohydrologists, and
earth scientists obliged to deal with hydrologic forcings of
geomorphic, sedimentary, and other geosystems, often do
not have long time series data to work with. The study of
nonlinear dynamics at these time scales moves away from
statistical analysis of time series to the deployment of meth-
ods of the historical and interpretive geosciences to detect
and analyze the signatures of complex nonlinear dynamics.
This paper takes the latter approach. Field observations of
ﬂuviokarst landscapes in the Kentucky study area suggested
a hypothesis that complex nonlinear relationships involving
thepartitioningofﬂowareresponsiblefortheapparentdiver-
gence of the landscape into zones completely dominated by
either karst or ﬂuvial features rather than the mix usually en-
countered in ﬂuviokarst, and that the divergence is driven by
local changes in slope. We used a qualitative system model
to test for dynamical instability and chaos in the ﬂow par-
titioning system, and analysis of the spatial correspondence
of landscape types and slope classes to test for the hypoth-
esized slope inﬂuences. Geomorphic interpretation of ﬂu-
vial and karst landforms in a portion of the study area known
to have experienced signiﬁcant Quaternary downcutting was
used to establish the landscape transitions underway. This
in turn was linked to Kolmogorov entropy as an indicator of
deterministic chaos. By combining the methods of nonlinear
dynamical systems analysis, spatial analysis, and ﬁeld ge-
omorphology, addressing the nonlinear dynamics of hydro-
logic and geomorphic systems over landscape evolution time
scales is possible.
1.1 Fluviokarst hydrology and geomorphology
Many carbonate terranes are characterized by a mixture
of hydrologic pathways and associated landforms reﬂecting
both ﬂuvial, surface-dominated ﬂow and karst, subsurface-
dominated ﬂow. Some of these ﬂuviokarst systems not
only feature the presence of both ﬂuvial and karst features,
but also show evidence of bimodality. That is, wherever
topography is highly eroded, it is characterized by zones of372 J. D. Phillips and M. D. Walls: Flow partitioning and unstable divergence
(1) ﬂuvially-dissected areas with few or no karst features ev-
ident at the surface or (2) intense dissolutional, karst devel-
opment dominated by dolines and other depressions, with
little or no evidence of surface ﬂow or ﬂuvial landsculpt-
ing. Some of these karst- or channel-dominated zones are
apparently related to lithological, structural, or regional to-
pographic controls, but in others karst/ﬂuvial divergence oc-
curs where there are no obvious geological controls. In this
paper we develop a model of the interactions between sur-
face/subsurface ﬂow partitioning, karstiﬁcation, ﬂuvial dis-
section, and topographic slope in an effort to explain the bi-
modal, divergent topography in the central Kentucky Inner
Bluegrass karst region.
Karst landscapes may have intermittent, sparsely-
distributedorundetectablesurfacedrainageduethediversion
of surface ﬂow underground. However, in many cases both
surface and subsurface drainage features are often present in
a mixture called ﬂuviokarst. Coexistence of ﬂuvial and karst
drainage features is controlled by the thickness and spatial
distribution of soluble lithologies. Transitions may occur
as karst areas are transformed to ﬂuvial domination due to
plugging of subsurface conduits, stripping of soluble rock,
or exhumation and capture of subsurface drainage by ﬂuvial
erosion. Fluvial-to-karst transitions may occur as karst de-
pressions capture surface drainage, or due to dissolution in
channels. The relative importance of ﬂuvial and karst forms
and processes is sensitive to local environmental constraints
such as the extent to which channelized ﬂows are delivered
from adjacent nonkarst terrains, lithology, structure, climate,
biotic inﬂuences, and geomorphic history. Reviews of these
ideas are provided in several books on karst geomorphol-
ogy and hydrology (Dreybrodt, 1988; Jennings, 1985; White,
1988; Ford and Williams, 1989).
The development of solutional depressions in karst
is a canonical geomorphological example of ﬁnite self-
reinforcing growth. Once a depression is initiated, it tends
to capture and hold more moisture, intensifying chemical
weathering, and so forth until limited by external controls
(for example non-soluble lithology), competition for mois-
ture, or downward moisture movement into, for example,
fractures or subsurface caverns. The growth of karstic de-
pressions (and weathering depressions more generally) has
been explicitly linked to dynamical instability (Scheidegger,
1983; Viles, 2001). Likewise, the initiation of channelized
surface drainage may be characterized by positive feedback
(once initiated, channels collect more ﬂow, increasing shear
stress and enlarging or extending the channel). In some
cases channel initiation has also been explicitly linked to dy-
namical instability (Smith and Bretherton, 1972; Loewen-
herz, 1991; Dietrich et al., 1992). In either case the self-
reinforcement is ﬁnite due to limitations such as the extent or
thickness of soluble rock in the case of karst depressions, or
the production of runoff in the case of channels.
This leads to the hypothesis that minor perturbations, or
variations in initial topography, may lead to a domination of
either karst or ﬂuvial erosion, and that once initiated, either
tends to be persistent and self-reinforcing. This would lead to
the landscape patterns observed in the study area; divergence
into karst-rich channel-poor (KRCP) and channel-rich karst-
poor (CRKP) zones.
2 Dynamical instability in ﬂuviokarst systems
The dynamical stability of the ﬂuviokarst system can be ana-
lyzed using qualitative models. This approach allows only a
determination of whether the system is stable or unstable in
response to small perturbations or minor variations in initial
conditions. However, in this study a key question concerns
the possibility that minor variations in topography might de-
termine or reinforce divergence into KRCP and CRKP zones.
Despite its lack of speciﬁcity, the qualitative model is quite
general and robust in that it is not dependent on particular
parameter values or model speciﬁcs. The interactions among
system components are depicted as box-and-arrow models
where each arrow (or lack thereof) indicates the positive,
negative (or negligible) inﬂuence of the components on each
other. This is translated into an interaction matrix.
The characteristic equation of the interaction matrix is
F0λn + Fxλn−1 + F2λn−2 + ... + Fn−1λ + Fn = 0. (1)
λν are the real parts of the complex eigenvalues, which are
equivalent to the Lyapunov exponents of the system, and n is
the number of components. Fk is feedback at level k:
Fk =
i X
m=1
(−1)m+1Z(m,k), (2)
where Z(m,k) is the product of m disjunct loops with k com-
ponents. Fo= − 1 by convention.
The λ give the rate of system convergence (λ<0) or diver-
gence (λ>0) following a perturbation, or the rate at which,
on average, random pairs of points converge or diverge over
time:
x(t) = vCeλt, (3)
where v are the eigenvectors and C the intial conditions. All
quantities above except t are vectors. Of particular interest
is the case of λ>1, where effects of a perturbation grow ex-
ponentially over some ﬁnite time. If any λ>0, the system is
unstable (all λ<0 indicates stability). As chaotic systems are
deﬁned mathematically on the basis of a positive Lyapunov
exponent, dynamical instability is in this case equivalent to
deterministic chaos.
According to the Routh-Hurwitz criteria the necessary and
sufﬁcient conditions for all real parts of all eigenvalues (and
therefore all Lyapunov exponents) to be negative are (Cesari,
1971):
– Fi<0, for all i.
– Successive Hurwitz determinants are positive. For a
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Mathematical details are given by, e.g. Cesari (1971)
and Puccia and Levins (1985), and discussions of applica-
tions in geomorphology and geophysics by Andronova and
Schlesinger (1992), Phillips (1999), Scheidegger (1991) and
Slingerland (1981).
2.1 Flow Competition Model
While previous work has focussed on the erosional and solu-
tional development of the landscape at a detailed scale within
a small (<1km2) study area (Phillips et al., 2004), in this
study we examine the problem at a broader scale, and from
the perspective of the partitioning of ﬂow. We follow stan-
dard practice in hydrology and ﬂuvial geomorphology in par-
titioning surface ﬂow into concentrated (gullies or stream
channels) and diffuse (sheet and rill) ﬂow. It is also standard
in karst hydrology to distinguish among diffuse recharge and
point inputs, the latter related to concentrated subsurface
ﬂow (Dreybrodt, 1988).
Each unit of effective precipitation (precipitation minus
evapotranspiration) is conceptualized as being partitioned in
two binary ways: surface ﬂow vs. groundwater recharge, and
concentrated vs. diffuse ﬂow. Using Q to indicate surface
and q subsurface ﬂow, and subscripts c and d to indicate con-
centrated and diffuse ﬂows, one unit of effective precipitation
is partioned thus:
Qc + Qd + qc + qd = 1 (4)
Given a ﬁnite moisture input, Eq. (4) and general mass bal-
anceconsiderationsindicatethatthereis“competition”inthe
sense that all ﬂow must be either surface or subsurface, so
that water which inﬁltrates, for instance, cannot run off on
the surface. In either case, at any given moment concen-
trated ﬂow (in surface channels or as point recharge or con-
duit ﬂow) is unavailable for diffuse ﬂow (as sheet and rill
ﬂow, diffuse recharge, or Darcian ﬂow). The interactions be-
tween the components is thus as shown in Fig. 1. All four
components are externally inﬂuenced by climate, geology,
and other factors, but qd also has self-limiting effects due to
the relationship between moisture content, inﬁltration, and
hydraulic conductivity. The maximum ﬂow is limited by sat-
urated hydraulic conductivity, while inﬁltration is at a maxi-
mum when the soil is dry.
Over longer time scales, or with additional components
added to the model, different or additional feedbacks are
possible, which might affect model stability. This is unsur-
prising, as stability properties of hydrologic (and other earth
surface) systems often change as temporal or spatial scales
vary (Loewenherz, 1991; Phillips, 1999; Scheidegger, 1983;
Smith and Bretherton, 1972). Our purpose in using the ﬂow
partitioning model is to determine whether ﬂow competition
dynamics alone are sufﬁcient to account for karst/ﬂuvial di-
vergence.
The model of Fig. 1, translated into an interaction matrix
and evaluated by the Routh-Hurwitz criteria, must be unsta-
ble, as is readily illustrated by considering feedback at level
Fig. 1. Flow partitioning model (variables deﬁned in text). The
arrows represent the negative (competitive) inﬂuences of the ﬂow
components on each other, translated into the interaction matrix
with elements aij.
two:
F2 = (−a12)(−a21) + (−a13)(−a31) + (−a24)(−a42)
+(−a34)(−a43) > 0 (5)
This instability suggests that landscapes developing from
two apparently similar starting points may develop quite dif-
ferent landforms and ﬂow systems as minor initial variations
become exaggerated over time. It also suggests that perturba-
tions which affect ﬂow partitioning may have disproportion-
ately large and long-lasting effects – for example, a state-
change from a karst to a ﬂuvial-dominated system (or vice
versa).
2.2 The Role of Slope
The instability indicates that the ﬂow partitioning is sensitive
to small perturbations, so that the relative importance of sur-
face, subsurface, concentrated, anddiffuseﬂowislikelytobe
modiﬁed in ways that are disproportionately large and long-
lived relative to the perturbation. We are particularly con-
cerned with the role of slope, for two reasons. First, in karst-
prone landscapes there is an inverse relationship between
slope and karstiﬁcation. That is, other things being equal,
gentler slopes promote karst development and steeper slopes
encourage ﬂuvial action. Areas of low slope signiﬁcantly
above base level tend to develop karst features as water inﬁl-
trates toward the local base level (Dreybrodt, 1988; Jennings,
1985; Ford and Williams, 1989; White, 1988). Williams
(1985) argued that steep topography can limit the develop-
ment of karst. The development of the slope, however, may
require ﬂuvial processes and incision. Steeper slopes thus
promote surface and concentrated as opposed to subsurface
and diffuse ﬂow. The second reason for the emphasis on374 J. D. Phillips and M. D. Walls: Flow partitioning and unstable divergence
Fig. 2. Study area (boxes) shown on locator map of Kentucky. The
two study subareas are indicated by shading, along with major sites
of ﬁeldwork.
slope effects is that the study area has experienced extensive
downcutting in the Quaternary (see next section), with the
attendant localized slope increases.
3 Study Area and Methods
3.1 Study Area
The study area is in the Kentucky River gorge area of the In-
ner Bluegrass karst region of central Kentucky, USA. The
Kentucky River ﬂows generally northwestward across the
Bluegrass (Fig. 2), where it has cut a gorge across limestone
bedrock of Middle Ordovician age, locally known as the Pal-
isades. Local relief of 100m is common and river-to-cliff or
bluff top relief ranges from 61 to 122m.
Bedrock is comprised of the High Bridge Group and the
Lexington Limestone, both Middle Ordovician (Sparks at
al., 2001). The Lexington Limestone is dominated by lime-
stone, but includes minor shale beds, though the ”shale”
contains 50% or more calcite (Fisher, 1968).The underly-
ing High Bridge Group consists of thick-bedded and massive
limestones, some with dolomitized burrows. Bentonites (thin
clay-rich volcanic ash layers) are found toward the top of the
Group. Bedding in the Lexington Limestone is thinner than
in the High Bridge Group. The Kentucky River fault system
and a number of minor faults occur in the study area .
In uplands adjacent to the incised modern Kentucky River
there are abandoned valleys. These have meandering pat-
terns and often contain either underﬁt streams or numeri-
ous dolines. The valleys have ﬂuvial sand and gravel de-
posits, with pebbles unrelated to the underlying lithology
(Jillson, 1946, 1947, 1948a, 1948b; Sparks et al., 2001). Jill-
son (1946, 1947, 1948a, 1948b) construed the valleys as a
course of the ancestral Kentucky River, an interpretation we
accept. The upland palaeochannels are estimated to be about
Fig. 3. A portion of the Wilmore quadrangle within the study areas
in Jessamine, Mercer, and Garrard Counties, Kentucky. A ﬂuvially-
dissected CRKP zone is in the middle of the site, with undissected
KRCP zones evident surrounding it. Note that while some large de-
pressions are apparently associated with faults, other karst depres-
sions are concentrated on low-slope areas, particularly just inside
Kentucky River meander bends.
1.5million years old (Andrews, 2004; Phillips et al., 2004).
The subsequent incision is most likely a result of base-level
changes resulting from glacial modiﬁcation of downstream
drainage systems (Teller and Goldthwait, 1991). Because the
palaeochannels predate incision of the modern river, the in-
cision of the modern Kentucky, and thus much of the related
karst development, is less than 1.5million years old.
Within the Kentucky River gorge area, uplands tend to ei-
ther be strongly ﬂuvially dissected, with no obvious surface
evidence of dolines or other karst features, or dominated by
dissolutional landforms, with little or no evidence of chan-
nelized surface ﬂow (Fig. 3). Previous studies (Phillips et al.,
2004; Sparks et al., 2001; Thrailkill, 1982) have shown that
there are indeed relationships between karstiﬁcation (density
of karst landforms and solutional depressions) and lithol-
ogy, though within the study area karst-rich landscapes are
found in a variety of lithologies, and even the most karst-
prone limestones do not always have dense – or any-karst
depressions. Likewise, many large sinks or karst-rich ar-
eas are associated with fractures, and with Kentucky River
palaeochannels – but many fractures and palaeochannels are
not karstiﬁed, and many karst-rich landscapes are not asso-
ciated with these features. Structure, lithology, and palae-
olandforms are clearly important in determining the hydrol-
ogy and geomorphology of the region, but are also inade-
quate to fully explain landscape evolution and hydrologic
ﬂuxes.
3.2 Methods
The stability of the system shown in Fig. 1 was analyzed us-
ingtheRouth-HurwitzCriteria, asdescribedinSect.2. Other
methods are described below.J. D. Phillips and M. D. Walls: Flow partitioning and unstable divergence 375
3.2.1 Data Collection
Within the Kentucky River Gorge study area, an approxi-
mately 700km2 site was selected in and around Tom Dor-
man Nature Preserve (Fig. 4). This was divided into two
subareas based on data availability. One half, correspond-
ing to the Wilmore and Little Hickman U.S. Geological Sur-
vey (USGS) 7.5-min topographic quadrangles, was the locus
for a series of ﬁeld visits that focused on publicly accessible
facilities such as Tom Dorman Nature Preserve and Raven
Run Nature Preserve. However, for the computerized analy-
sis problems were encountered in source data for these two
quadrangles. Two quadrangles, the Harrodsburg (L39) and
Danville (M39) US. Geological Survey (USGS) 7.5-min to-
pographic quadrangles, located immediately west of these
were therefore utilized. For this latter study area, the fol-
lowing data sets were acquired for analysis in a geographical
information system (GIS):
– Sinkholes (Sinkholes16.shp from the Kentucky Geolog-
ical Survey; KGS): This data layer consists of sinkholes
derived from closed depressions on contours originating
in USGS 1:24000 digital line graph (DLG) data sets.
– Streams (Streams16.shp, KGS): This consists of “blue-
line” streams and rivers originating in USGS 1:24000
DLG data sets.
– Digital Elevation Models (L39 DEM.E00 and
M39 DEM.E00 from USGS): These Digital Elevation
Models correspond to the two 1:24000 topographic
quadrangles of the study area.
This study area was then divided into 100m2 cells using
the GIS. The cell size was chosen based on the resolution
available in the input data, most critical with the DEMs. The
minimal cell size must include at least two adjacent DEM
posts, situated 30m apart, to meaningfully indicate slope. Se-
lecting a cell size approximately three times this distance en-
sures that this minimum criterion is met, even when post-
ing departs from uniform placement due to terrain break
lines. The generated grid contained a total of 355200 cells
(355.2km2), of which 26055 were subsequently discarded
from analysis due to extending beyond the two-quadrangle
study area or due to missing data. Each of the 329145 re-
maining cells was subsequently classiﬁed as to slope and de-
gree of karstiﬁcation as described below.
Karstiﬁcation Index. An index of karstiﬁcation was com-
piled by feature overlay methods, based on mapped drainage
features, closed depressions, and related terrain features.
These resulted in four key indicators of relative karstiﬁca-
tion, each of which was coded true or false:
1. Stream – One or more stream segments lie within the
cell
2. Stream Buffer – One or more elements of a 100m buffer
generated around each stream lies within the cell. (A
buffer of 100m was chosen for stream features to adjust
for variable widths of streams and valleys)
Fig. 4. Terrain with the area of the Wilmore and Little Hickman
quadrangles. The base is a shaded relief map produced from digital
elevation models.
Table 1. This classiﬁcation table is a variant of a truth table, which
spells out how the karstiﬁcation score is related to the four input
characteristics (has stream, has stream buffer, has karst feature, has
karst buffer). T, F, represent true and false, respectively.
K or C Has Stream Has SBuff Has Karst Has KBuff
1 F T T T
1 F F T T
1 F F T F
2 T F T T
2 F T T F
2 F F F T
3 T T T T
3 T T T F
3 T F T F
3 F T F T
3 F F F F
4 T T F T
4 T F F T
4 F T F F
5 T T F F
5 T F F F
1 – Karst dominated.
2 – Karst dominated, with observable ﬂuvial features.
3 – Mixed characteristics.
4 – Fluvial dominated, with observable karst features.
5 – Fluvial dominated.
0 – Unknown or not classiﬁed.
3. Karst – One or more karst features (sinkholes) lie within
the cell.
4. Karst Buffer – One or more elements of a 50m buffer
generated around each karst feature lies within the cell.
A truth table (Table 1) was generated for each combination
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classiﬁcation for each cell (subsequently referred to as the
karstiﬁcation index or pattern for brevity).
Slope Index. Slope computations from the DEM data were
used to classify the cells as to average slope. This classiﬁca-
tion was automated by converting the DEM into a slope grid,
then reclassifying the resulting polygons using a domain of:
1. Flat (<5% slope gradient)
2. Gently sloping (5 to 10%)
3. Moderate slope (10 to 15%)
4. Moderately steep (15 to 30%)
5. Steep (>30% slope).
The index grid cells were then classiﬁed on the same
domain by performing a polygon overlay of the grid cells
onto the slope polygons, then calculating a weighted average
slope for the grid cells.
In addition to the GIS data, detailed ﬁeld observations
were made in a KRCP zone in the Tom Dorman nature pre-
serve, and in a CRKP zone at Raven Run Nature Preserve,
along with a general ﬁeld reconnaissance of the entire Ken-
tucky River gorge area.
3.2.2 Data Analysis
If any of the ﬁve landscape states represented by the karsti-
ﬁcation index was equally likely in any cell, the distribution
would be random. This was tested using Shannon’s entropy
H = −
X
[Pi(lnPi)] (6)
where Pi is the probability of the ith value of the classiﬁca-
tion which is taken as the proportion of cells of type i.
The maximum possible entropy Hmax occurs in a random
pattern when all values have an equal probability of occur-
rence, 1/n, where n is the number of classes (n=5 in this
case).
Hmax = ln(n). (7)
This is, of course, a reference condition, as equiprobability
of landscape types across variations in regional slope, lithol-
ogy, and structure is unrealistic.
While we hypothesize a slope control over karst vs. ﬂu-
vial development, we recognize the causality may run in ei-
ther direction (for instance, cells with ﬂuvial features might
have steeper slopes associated with valley sides). But en-
tropy can be used to estimate constraints independent of hy-
pothesized causality – that is, we can determine the extent to
which uncertainty in the karstiﬁcation index (K) is reduced
by a knowledge of slope class (s):
n m
Hs(K) = 1/[N ln

5(fi!/5fij!)
	
] (8)
i=1 j=1
where N is the number of cells, fi the occurrence of kars-
tiﬁcation index class i, fj the occurrence of slope class j,
and fij the joint occurrence of karstiﬁcation class i and slope
class j.
The factorials are unmanagably large, but a reliable esti-
mate is given by
Hs(K) = 1/

N ln[6fj lnfj − 6fi lnfi]
	
. (9)
If Hs(K)<H(K), the uncertainty and entropy have been
reduced by a factor (r) associated with the constraint s
(slope) exerts on K (karstiﬁcation):
r = (eNH(K))/(eNHa(K)), or (10a)
lnr = NH(K) − NHs(K) (10b)
The quantity lnr is called mutual information, and measures
the information transmitted without noise. Signiﬁcance can
be tested using the chi-square statistic, since ln r ∼χ2. En-
tropy reduction is given by lnr/N. The use of mutual infor-
mation functions in symbolic patterns or sequences of non-
linear dynamical systems is discussed by Li (1990).
The change in Shannon (information) entropy over time is
termed the Kolmogorov (K-) entropy. There is a direct link
between K-entropy and chaos, as K-entropy of a dynamical
system is equal to the sum of the positive Lyapunov expo-
nents. Thus an increase in entropy over time indicates pos-
itive K-entropy, which in turn signiﬁes a positive Lyapunov
exponent.
The direction, if not the magnitude, of entropy changes,
can be assessed based on ﬁeld evidence. Phillips (2000), for
example, used soil stratigraphic evidence to infer the thin-
ning and thickening trends of weathering proﬁle horizons,
and thus whether entropy was increasing or decreasing. By
determining whether KRCP and/or CRKP zones are growing
(decreasing) at the expense of (due to the expansion of) other
landscape types, the direction of entropy change – and thus
whether there is positive K-entropy – can be determined.
4 Results
4.1 Fluvial and Karst Erosion
Of the total cells, 329145 had usable data. Landscape class
3, with no channels or solutional features visible from to-
pographic maps or DEMs, or with a mixture of ﬂuvial and
karst features with neither clearly dominant, was by far the
most common, comprising nearly 76% of all cells (Table 2).
Karst- and ﬂuvial-dominated cells were about equally abun-
dant. Class 2 (ﬂuvially-dominated but with karst present)
and class 4 (karst-dominated but channels present) each com-
prised about 9% of the cells. Completely karst-dominated
(KRCP) and ﬂuvially-dominated (CRKP) cells accounted for
2.4 and 3.5% of the total, respectively.
Almost 84 percent of the cells were in the lowest slope
class (<5%). Both these cells and karstiﬁcation class 3 cells
were concentrated in upland areas away from the Kentucky
River. Most of the remainder of the cells were in the sec-
ond slope class (5 to 10%). The upper 3 slope classes eachJ. D. Phillips and M. D. Walls: Flow partitioning and unstable divergence 377
Table 2. Classiﬁcation of landscape cells (number of cells in each class).
Karst/ﬂuvial classiﬁcation*
Slope Class Karst Karst-dominated Karst & ﬂuvial Fluvial dominated Fluvial Total
<5% 7,018 26607 211974 21163 8564 275326
5–10% 749 3546 32828 5540 2191 44854
10–15% 25 187 2701 1717 567 5207
15–30% 1 116 1387 1271 287 3062
>30% 0 25 440 212 19 696
Total 7793 30491 249330 29903 11628 355200
*Karst, ﬂuvial classes are completely dominated by karst or ﬂuvial features with no evidence of the other. Karst- and ﬂuvial-dominated
classes have evidence of both karst and ﬂuvial features, but one is clearly dominant. The karst & ﬂuvial class has no topographic evidence
of erosional features of any kind, or karst and ﬂuvial features in equal proportion.
accounted for less than two percent of cells (Table 2). The
steepest slope cells, not unexpectedly, are in the immediate
vicinity of the gorge or of larger Kentucky River tributaries.
4.2 Channel Rich Fluvially Dissected Zones
Fluvially dissected, channel-rich and karst-poor (CRKP)
zones were observed in the ﬁeld in several locations, partic-
ularly in the vicinity of Boone Creek, Howard’s Creek, and
Raven Run. These Kentucky River Tributaries are charac-
terized by steep channel gradients with numerous nickpoints
and waterfalls, associated with differences in resistance as
downcutting encounters different stratigraphic layers of the
Lexington Limestone and the High Bridge Group.
Small-scale limestone weathering features are evident on
exposed bedrock surfaces, and weathering cavities, cutters,
and other dissolution features are common. However, karst
drainage features such as sinkholes are rare or absent, and
are generally small when encountered. Ascending to the up-
per reaches of these streams the CRKP (karstiﬁcation class
5) landscapes merge into ﬂuviokarst landscapes with vary-
ing degrees of both ﬂuvial and karst features (karstiﬁcation
classes 2, 3, 4).
Nickpoints and active channel incision are indicative of an
actively expanding channel system with headward growth.
Thus these tributary basins, downcutting in response to Qua-
ternary incision and entrenchment of the Kentucky River,
are expanding CRKP zones at the expense of mixed ﬂu-
viokarst landscape types (Fig. 5). Similar observations and
conclusions have been drawn by others working in the Ken-
tucky River gorge area (Andrews, 2004; Jillson, 1946, 1947,
1948a, 1948b; Phillips et al., 2004).
4.3 Karst Rich Zones
A landscape with little or no channelization or evidence of
surface ﬂow but with abundant karst sinkholes was examined
at Tom Dorman Nature Preserve (Fig. 6). On the eastern
side of the Dorman site, there is a line of large sinkholes
and an abundance of other sinks, with typical median surface
diameters ranging from a few meters to >100m. There are
Fig. 5. Channel-rich, karst poor area of Raven Run. Arrows
show examples of location where ﬁeld evidence (active headcuts)
shows conversion of mixed ﬂuviokarst or minimally-eroded areas
into ﬂuvially-dissected.
no permanent channels, and the few ephemeral channels are
short and lead directly into sinkholes. The morphology of
the sinks, and shallow exploration of the open swallets in
some suggests that they are collapse features connected to a
subsurface cavern.
Sediments in the depressions, vegetation indicators, and
recent slope failures within some sinks show that they are
actively growing features. They are in close proximity to a
mixed ﬂuviokarst landscape on the west side of the preserve.
Evidence is consistent with a subsurface fracture enlarging
on concert with Kentucky River downcutting, resulting in
growth and intensiﬁcation of surﬁcial karst depressions. We
cannotdeterminedeﬁnitivelythatamoreﬂuvially-inﬂuenced
landscape once occupied the site, but palaeochannel deposits
do indicate that the area was once within the Kentucky River
channel/ﬂoodplain.
More generally, areas inside of Kentucky River meander
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Fig. 6. Geomorphological map of Tom Dorman Nature Preserve,
on digital orthophotoquad base. The black line separates the CRKP
zone to the left from the KRCP area to the right. Modiﬁed from
Fig. 7 of Phillips et al. (2004); ﬁeld mapping by Linda Martin.
possibility is that these areas were karstiﬁed before down-
cutting commenced, and have simply been preserved as the
local base level was lowered. However, in many cases active
karst sinks are observed not only on the uplands, but also
on lower, younger terraces, indicating that karstiﬁcation has
continued to be active throughout the Quaternary. Also, in
some cases the KRCP zones conincide with palaeochannel
locations, indicating a ﬂuvial-to-karst transition.
Thus the ﬁeld evidence suggests that at least some KRCP
zones (karstiﬁcation class 1) are growing at the expense of
class 2, 3, and 4 landscapes. Growth at the expense of class 5
(completely ﬂuvially dissected) is theoretically possible, but
we did not observe any ﬁeld evidence indicating this. These
observations and interpretations are consistent with others
working in the central Kentucky karst region (MacQuown,
1967; Phillips et al., 2004; Taylor, 1992; Thrailkill, 1984).
4.4 Entropy
The entropy of the karstiﬁcation pattern is 0.855, which is
about 53% of the maximum value for a ﬁve-part classiﬁca-
tion (entropy of the slope classes is about 0.54). The en-
tropy of the karstiﬁcation index as constrained by slope is
Hs(K)=0.721. The mutual information lnr=44105, associ-
ated with an entropy reduction of 0.134.
Because ﬁeld evidence suggests the growth of both KRCP
and CRKP zones at the expense of other landscape types,
potential entropy changes can be estimated. Because kars-
tiﬁcation classes 1 and 5 are small, growth of these at the
expense of other classes tends to increase entropy. For ex-
ample, a 10% increase in the number of class 1 and 5 cells
entirely at the expense of class 3 increases H(K) to 0.874.
If it is assumed that the transitions are entirely class 4 to 5
and 2 to 1, H(K) increases to 0.862. If the increase occurs at
the expense of classes 2, 3, and 4 in proportion to their cur-
rent abundance, H(K) increases to 0.872. These examples
serve to illustrate that current late Holocene landscape evo-
lution trends are in the direction of increasing entropy, and
thus K-entropy>0.
5 Discussion
Fluviokarst landscapes are characterized by a combination
of ﬂow regimes involving surface and subsurface ﬂow, ei-
ther of which may be either concentrated or diffuse. There
are mutual adjustments between these hydrologic ﬂows and
landforms which may both reﬂect and direct the partitioning
of moisture among the ﬂow regimes. If the partitioning of ef-
fective precipitation is considered in terms of competition (in
the sense that water allocated to one mode is unavailable to
the others), the system is dynamically unstable. Because the
stability analysis is based on a qualitative model, the results
are robust to variations in the speciﬁc quantitative partition-
ing. This instability indicates deterministic chaos, indicating
that the ﬂow partitioning system is sensitive to minor varia-
tions in initial conditions or small perturbations.
The conceptual model was developed in an effort to ex-
plain the complex spatial pattern of karst and ﬂuvial land-
forms in central Kentucky. Some karst drainage features
(chieﬂy sinkholes) are clearly related to faults, fractures,
and structural features, or to coarse-bedded Kentucky River
palaeochannels. However, many karst depressions are un-
related to these controls, and many of the geologic controls
which appear to promote karstiﬁcation in some cases often
have no evidence of surﬁcial karst, and may sometimes have
ﬂuvial landforms and surface-dominated drainage. Analo-
gousobservationsmaybemadeforchannelsandﬂuvialland-
forms. The wide variation in (or lack of) relationships be-
tween karst or ﬂuvial development and geologic controls, to-
gether with the fact that karst-ﬂuvial transitions are possible
in carbonate terranes, leads to the suspicion that instability
and chaos may play a role. The analysis here focussed on
slope, due to the possibility that geologically recent slope
adjustments in response to Kentucky River incision may be
related to KRCP/CRKP divergence.
One unexpected outcome of the analysis is the large
proportion of the landscape with minimal karst or ﬂuvial
development – the associated category of the landscape
classiﬁcation index comprised 76% of the study area, and
the end-members only about six percent. In retrospect, we
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the most highly eroded (by ﬂuvial or solutional processes)
areas, and by the predominance of our ﬁeld observations
near the Kentucky River, where both KRCP and CRKP zones
are more common. The incision of the river and associated
change in hydrologic base level is the single most impor-
tant factor driving both ﬂuvial and karst development in the
recent geological past, so it is not surprising that large ar-
eas away from the channel have been minimally inﬂuenced
thus far. Conﬁning our analysis to a swath along the river
valley would have increased the relative proportion of the
end-member categories in the landscape classiﬁcation and
decreased the proportion occupied by minimally eroded ter-
rain, but would not have changed the qualitative outcome or
the fundamental implications of the analysis.
The ﬂow partitioning model is based entirely on a notion
of competition for moisture; e.g. that an increase in one com-
ponent (for example surface sheet and rill ﬂow) must result
in a decrease in at least one of the others (and vice-versa for
a decrease). Thus an increase in sheet and rill ﬂow must
come at the expense of diffuse groundwater or soil mois-
ture recharge or channelized surface runoff. There is no rela-
tionshipbetweenconcentratedsurfaceanddiffusesubsurface
ﬂow. This is reasonable within the study area as loss of chan-
nelized ﬂow to the subsurface occurs entirely (in our ﬁeld
observations) via swallets, sinks, and solutionally-enlarged
fractures. Where return ﬂow to streams occurs it is over-
whelmingly via karst conduits. There are also no links con-
necting diffuse surface ﬂow and concentrated groundwater
ﬂow. There is no plausible link from conduit ﬂow or point
recharge to overland runoff. It is conceivable that sheet and
rill ﬂow could be captured by solutional cavities. However,
we have never observed this in the ﬁeld, and in the study
area any links are mediated by epikarst. That is, inﬁltration
and diffuse recharge into the soil occurs, which may then be
directed into conduits (accounted for by the qd to qc link).
It could be argued in some contexts that there could be
positive relationships in the conceptual model – for exam-
ple, that in the case of a losing stream (local terminology
for a stream which discharges into a sink or swallet) an in-
crease in runoff would lead to a corresponding increase in
point recharge. Or, that a decline in diffuse surface runoff
would lead to a corresponding decline in concentrated sur-
face ﬂow or diffuse recharge. However, in the context of the
model as conceptualized here – partitioning a single unit of
effective precipitation via competition – the negative links
must hold. Thus the point recharge in a losing stream must
come at the expense of channel ﬂow, for instance; or a de-
crease in the proportion of overland ﬂow must be accounted
for by increases in channelized surface ﬂow and/or diffuse
recharge.
This approach does not account for changes in climatic
moisture regimes or their accomodation. Climate change has
occurred during the Quaternary, and has clearly inﬂuenced
at least some aspects of the hydrology and geomorphology
of the study area. We do not seek to minimize the impor-
tance of these changes, but rather to show that the hydro-
logic regime in the study area is highly sensitive to minor
variations evenwhen the climatically-drivenmoisture regime
is constant; that ﬂuvial/karst transitions can occur indepen-
dently of externally-driven hydrologic change.
While instability in the ﬂow-partitioning model provides
a plausible explanation for the complex spatial pattern in
the landscape, and for divergence into karst- and ﬂuvially-
dominated zones, it does not demonstrate divergent, chaotic
landscape evolution. This is accomplished by showing
that the enlargement of KRCP and CRKP zones, indicated
by ﬁeld evidence, is occurring at the expense of mixed
karst/ﬂuvial landscapes. This in turn must increase the en-
tropy, indicating ﬁnite positive Kolmogorov entropy. The K-
entropy is associated with a positive Lyapunov exponent, and
thus with chaos and dynamical instability.
The chaotic nonlinear dynamics indicated in the evolution
of ﬂuviokarst landscapes of central Kentucky are intertwined
with non-chaotic deterministic effects of controls such as
structure, lithology, and palaeolandforms. While this work
was inspired by the fact that the latter are inadequate to ex-
plain the hydrology and geomorphology of the study area,
the reverse is also true. That is, the landscape cannot be
satisfactorily understood by relying on complexities in ﬂow
partioning alone, without consideration of geologic controls,
environmental change, and other factors.
The landscape divergence into strongly karst- or ﬂuvially-
dominated sectors has long been noted by Kentucky geosci-
entists, who generally operate under a tacit assumption that,
given sufﬁcient local detail, each individual case can be ex-
plained on the basis of fundamental principles of ﬂuvial and
karst geomorphology. This attitude involves an implicit as-
sumption that unseen variations are sufﬁcient to result in dif-
ferent evolutionary pathways. Nonlinear dynamical systems
theory in this case provides a theoretical justiﬁcation for this
assumption and at least a phenomenological explanation for
how minor variations or changes can lead to, in some cases,
dissected gorges or sinkhole plains in originally similar land-
scapes.
6 Conclusions
In ﬂuviokarst landscapes ﬂow may be partitioned into its sur-
face and subsurface components, and into diffuse and con-
centrated ﬂow above or below ground. In the context of
partitioning a unit of effective precipitation, these relation-
ships are competitive, in the sense that a change in the pro-
portion of ﬂow in any pathway must be accompanied by a
change in the opposite direction in at least one other path-
way. The dynamically unstable, chaotic nature of this system
is a plausible explanation for the divergence of the landscape
in a ﬂuviokarst region of central Kentucky into depression-
rich, unchannelled karst-rich and channel-poor (KRCP) and
strongly ﬂuvially dissected channel-rich karst-poor (CRKP)
zones, which often occurs with no relationship to observable
environmental controls. The chaotic interrelationships be-
tween diffuse surface runoff, channelized surface ﬂow, dif-
fuse recharge, and point recharge imply that small changes380 J. D. Phillips and M. D. Walls: Flow partitioning and unstable divergence
in the partitioning are likely to have disproportionately large
and long-lived impacts, reﬂected in landforms.
IntheKentuckyRivergorge, rapidQuaternaryincisionhas
resulted in local slope changes which should induce instabil-
ity in the ﬂow partitioning system. A GIS-based landscape
classiﬁcation scheme showed that there is a statistically sig-
niﬁcant relationship between slope gradients and the degree
of karstiﬁcation or ﬂuvial dissection. Geomorphic interpreta-
tion of landforms in the river gorge area indicates that CRKP
and KRCP zones are growing at the expense of other land-
scape classes. This results in an increase in entropy, indicat-
ing ﬁnite positive Kolmogorov entropy, a characteristic of a
dynamically, unstable, chaotic system. Results support the
hypothesis that divergent landscape evolution is linked to the
complex nonlinear dynamics of low partitioning. The hydro-
logic regime in the study area, the dominant driver of ge-
omorphic evolution, is highly sensitive to minor variations
even when the climatically-driven moisture regime is con-
stant.
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